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1. Introduction
Given a Hamiltonian bundle M →֒ P → X in part I we have constructed a
classifying map from X into the ∞-groupoid of ∞-categories. This was done by
constructing a (co)-Cartesian fibration over X , with fiber the A∞ nerve of the
Fukaya category of the fiber, we called this the global Fukaya category of P . Here
we shall make an explicit calculation with these constructions, for Hamiltonian S2
bundles over S4. As an application we get a partial confirmation of the Kontsevich
conjecture for S2 specifically we show that:
Theorem 1.1. There is a Z injection into HH−2(Fuk(S2)), the Hochschild coho-
mology of the Fukaya A∞ category of S
2, over Q.
The full Kontsevich conjecture [4] says that for suitable symplectic manifolds
there is an isomomorphism of the type HH(Fuk(M)) ≃ QH(M), where Fuk(M)
is the A∞ Fukaya category of (M,ω). Using Hamiltonian S
2 fibrations over S2 we
may do a similar calculation to the one of this paper to get:
Claim 1.2. There is a Z injection into HH0(Fuk(S2)).
As HH(Fuk(S2)) is a module over the graded ring Q[q], with the generator q in
degree 4, this will give an injection QH(S2) = H(S2)⊗Q[q]→ HH(Fuk(S2)). We
believe surjectivity can also be established geometrically. Surjectivity is in a sense
the statement that there are no exotic (co)-Cartesian fibrations over S4, S2 with
fiber equivalent to N(Fuk(S2)) - they all come from Hamiltonian S2 fibrations, via
the global Fukaya category.
Remark 1.3. I am told by Kaoru Ono and Mohammed Abouzaid that together
with Fukaya, Oh and Ohta they will soon confirm a version of homological mirror
symmetry for toric manifolds. I am told, it is then possible to confirm the version
of the Kontsevich conjecture for the derived Fukaya category of a toric manifold.
Our result is for the A∞ category, the relationship between these two statements
corresponding to the derived and A∞ Fukaya category is not exactly clear, even for
S2. A further point of distinction is that our arguments are geometrical rather than
homological.
Let S, and Ŝ be the spaces of ∞-categories, respectively stable ∞-categories as
in Part I, and N the A∞ nerve functor. For an A∞ category C let Ĉ denote the
associated A∞ category of twisted complexes, see for instance [12, Section 3l]. This
is a (pre)-triangulated A∞ category with a fully faithful embedding C → Ĉ. Using
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the classifying maps
fP : X → S(1.1)
f̂P : X → Ŝ(1.2)
of Part I, for Hamiltonian S2 fibrations P over S4 we prove:
Theorem 1.4. There is an injection of Z into π4(S, NFuk(S
2)), with Fuk(S2)
taken as a Z graded A∞ category over Q. And there is an injection of Z into
π4(Ŝ, NF̂uk(S
2)).
The deduction of Theorem 1.1 from Theorem 1.4 is described in Section 1.2
of Part I, using Toen’s derived Morita theory. Specifically we need the following
statement which we attribute to Lurie and Toen. For a (pre)-triangulated, graded
rational A∞ category C there are isomorphisms:
ΨT : πi(Ŝ, NC)→ HH
2−i(C), i > 2,(1.3)
ΨT2 : π2(Ŝ, NC)→ HH
0(C)∗.(1.4)
To prove homotopical non triviality of the classifying map fP for a non-trivial
Hamiltonian S2 fibration P as above, we show that the “global Fukaya category”
of Part I, associated to P is non-trivial as a ((co)-Cartesian) fibration over S4. The
exact same argument will work for f̂P as the embedding Fuk(M) → F̂ uk(M) is
fully-faithful. To show non-triviality of this fibration we first extract a Kan fibration
over S4, and then attack it by elementary techniques of homotopy theory.
Thus the calculation is in a sense simple and natural, reducing what are often
complicated homological algebra manipulations to “simple” topology and this is
one of the rewards of the categorical formulations in part I. It is however only
“algebra” that becomes simpler, there still remains a difficult chain level analytical
calculation that must be performed, and for this we use a technique based on Hofer
geometry.
Other than the topological/algebraic application above the calculation also yields
an application in Hofer geometry, which we state here:
Theorem 1.5. Let L0 ⊂ M be the equator. And let f : S
2 → ΩL0Lag(S
2),
represent the generator of π2, where Lag(S
2) denotes the space of Lagrangians
Hamiltonian isotopic to L0. Then
min
f ′∈[f ]
max
s∈S2
L+(f ′(s)) = 1/2 · area(S2, ω),
where L+ denotes the positive Hofer length functional.
The geometrically interesting fact here is the existence of a lower bound on
the minimax, as at the moment we have extremely poor understanding of “Hofer
small” balls in the group of Hamiltonian symplectomorphisms and the spaces of
Lagrangians, for any symplectic manifold. This is proved in section 10. On the way
in Section 8 we also construct a higher dimensional version of the relative Seidel
morphism [3] in the monotone context, and show its non triviality in Section 9.
The Sections 10 and 8 are logically independent of the ∞-categorical and even the
A∞ setup and maybe read independently.
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3. Conventions and notations
We use notation ∆n to denote the standard topological n-simplex. For the
standard representable n-simplex as a simplicial set we mostly use the notation ∆n• ,
and in general the under-bullet notation implies we are dealing with a simplicial set,
(we suppressed this in the introduction since for practical purposes one can mostly
think of a space X and its singular set X• interchangeably). For a topological space
X and singular simplex Σ : ∆n → X we may denote its image just by Σ.
Our Fukaya categories here follow homological grading conventions, although it
will be implicit. So in particular differential is in degree -1, and multiplication is
degree −n, as we will be in the Morse-Bott setup and it is simpler dealing with
chains. However in Theorem 1.1 to be consistent with Toen, the differential on C
should in degree +1, and multiplication graded (in degree 0). So we have to first
dualize our Fukaya categories to the co-chain setup, we shall not make this explicit.
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Although we follow Fukaya-Oh-Ono-Ohta for some things we use Seidel’s no-
tation µk for composition operations in the A∞ categories as opposed to mk.
Mostly because the letter m seems better used for naming morphisms in our quasi-
categories.
4. Preliminaries on coupling forms
We refer the reader to [5, Chapter 6] for more details on what follows. A Hamil-
tonian fibration is a smooth fiber bundle
M →֒ P → X,
with structure group Ham(M,ω). A coupling form, originally appearing in [2], for
a Hamiltonian fibration M →֒ P
p
−→ X , is a closed 2-form Ω˜ whose restriction to
fibers coincides with ω and which has the property:∫
M
Ω˜n+1 = 0 ∈ Ω2(X).
Such a 2-form determines a Hamiltonian connection AΩ˜, by declaring horizontal
spaces to be Ω˜ orthogonal spaces to the vertical tangent spaces. A coupling form
generating a given connection A is unique. A Hamiltonian connection A in turn
determines a coupling form Ω˜A as follows. First we ask that Ω˜A generates the
connection A as above. This determines Ω˜A, up to values on A horizontal lifts
v˜, w˜ ∈ TpP of v, w ∈ TxX . We specify these values by the formula
(4.1) Ω˜A(v˜, w˜) = RA(v, w)(p),
where RA|x is the curvature 2-form with values in C
∞
norm(p
−1(x)).
5. A Morse-Bott version of the construction in Part I
Although we do not absolutely need the construction in this section for the
calculation in section 6, it will make some geometry much simpler, and help with
exposition. Let us briefly recall from part I the construction of an A∞ category
FP (Σ) associated to a given non-degenerate smooth n-simplex Σ : ∆
n → X , for
M →֒ P → X a Hamiltonian fibration overX . This discussion will still be ungraded
over K = F2.
Given
Σ : ∆n → X,
a collection of Lagrangian submanifolds {Lρ(k)}
k=d
k=0,
ρ : {0, . . . , d} → {xi}
i=n
i=0 ,
for xi the vertices of ∆
n, (later on we shall often denote these by i alone) with each
Lρ(k) ∈ Fuk(PΣn(ρ(k))) we constructed structure maps
µdΣ : hom(Lρ(0), Lρ(1))⊗ . . .⊗ hom(Lρ(d−1), Lρ(d))→ hom(Lρ(0), Lρ(d)),
for the A∞ category FP (Σ). These structure maps are defined by:
〈µdΣ(γ1, . . . , γd), γ0〉 =
∑
A
∫
M({γk},Σ,F ,A)
1,
(the integral just means count). Where the moduli space
M({γk},Σ,F , A)
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is defined as follows. First one takes a certain natural system U , specifying maps
u(m1, . . . ,md) : S → ∆
n,
where mk : ∆
1 → ∆n are edges of ∆n, from ρ(k − 1) to ρ(k), and where S is the
“universal curve” over the compactified moduli space Rd of complex structures on
the disk D2 with d+1 punctures on the boundary. The fiber of S over r is denoted
by Sr or just by Sr to simplify notation. The ends of Sr are labeled by {ei}, with
subscripts i respecting the natural cyclic order.
Then very briefly: the above moduli space consists of pairs (σ, r) for σ a (pseudo)-
holomorphic, with certain Lagrangian boundary conditions, class A (stable)-section
of
S˜r = (Σ ◦ u(m1, . . . ,md, n)|Sr )
∗P,
asymptotic to some collection of generators
{γk ∈ homΣ(mk)(Lρ(k−1), Lρ(k)), γ0 ∈ homΣ(mk)(Lρ(0), Lρ(d))},
at the respective ends ek, whenever the expected dimension of this moduli space is
0. Here γk is an isolated flat section for an auxiliary connection A(Lρ(k−1), Lρ(k))
on Σ(mk)
∗P . What pseudo-holomorphic means is determined by a chosen natural
system of Hamiltonian connections F , compatible with U . The Lagrangians Li are
assumed here to be monotone and unobstructed. Let us set
Σ ◦mi = mi.
Suppose now that all Lρ(k) are Hamiltonian isotopic so that there is a Hamilton-
ian connection A(Lρ(k−1), Lρ(k)) on m
∗
kP whose parallel transport map over the in-
terval takes Lρ(k−1) to Lρ(k) by a diffeomorphism. We will now adjust the definition
of morphism spaces and the construction of the structure maps to use a Morse-Bott
version of the construction, which is essentially a direct translation of the beautiful
Morse-Bott construction used in [1] in the context of the usual Fukaya category.
Let S(Lρ(k−1), Lρ(k),A(Lρ(k−1), Lρ(k))) denote the space of A(Lρ(k−1), Lρ(k)) flat
sections with boundary on Lρ(k−1), Lρ(k). For A(Lρ(k−1), Lρ(k)) as above
S(Lρ(k−1), Lρ(k),A(Lρ(k−1), Lρ(k))) ≃ Lρ(k−1) ≃ Lρ(k).
Then our complex
hommk(Lρ(k−1), Lρ(k);A(Lρ(k−1), Lρ(k)))
is freely generated over F2 by the set C(S(Lρ(k−1), Lρ(k))) of smooth singular sim-
plices in S(Lρ(k−1), Lρ(k)).
For c ∈ hommk(Lρ(k−1), Lρ(k);A(Lρ(k−1), Lρ(k))) the differential is
(5.1) ∂c =
∑
A
∂ ev∗(M
ch
(c,A(Lρ(k−1), Lρ(k)), A))
where
(5.2) M
ch
(c,A(Lρ(k−1), Lρ(k), A)
is the (possibly virtual) fundamental chain of the moduli space of stable, total class
A finite energy J(A(Lρ(k−1), Lρ(k)))-holomorphic sections sec of
m∗kP × R→ [0, 1]× R,
with boundary on the constant A(Lρ(k−1), Lρ(k)) invariant Lagrangian sub-bundle
Lρ(k−1) × R ⊔ Lρ(k) × R
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of m∗kP , asymptotic to a flat section in the image of c at ∞. And where
A(Lρ(k−1), Lρ(k))
is the R translation invariant extension of A(Lρ(k−1), Lρ(k)) to m
∗
kP . The sum is
finite over A for monotonicity reasons. Energy here can be taken to be L2 energy,
with respect to the almost Kahler metric gj of the projection of sec to (M,ω, j).
The projection satisfies a version of the classical Floer equation, and this energy
coincides with the topological energy
(5.3) 〈[sec],−[Ω˜A(Lρ(k−1),Lρ(k))]〉,
for Ω˜A(Lρ(k−1),Lρ(k)) the coupling form, by classical arguments.
Let us make better sense of (5.1) by splitting of the classical differential as
follows. There is a distinguished class in π0(P(Lρ(k−1), Lρ(k))), corresponding to
the constant class under the canonical isomorphism
π0(P(Lρ(k−1), Lρ(k))) ≃ π0(P(Lρ(k−1), Lρ(k))) ≃ π0(P(Lρ(k), Lρ(k))),
induced by the connection A(Lρ(k−1), Lρ(k)). Let P(Lρ(k−1), Lρ(k))0 denote the
component of this class. Then we clearly have S(Lρ(k−1), Lρ(k)) ⊂ P(Lρ(k−1), Lρ(k))0.
In particular an element of P(Lρ(k−1), Lρ(k))0 determines a well defined class in
π2(M,Lρ(k−1)) ≡ π2(M,Lρ(k)),
where the isomorphism is induced by A(Lρ(k−1), Lρ(k)). The class A in (5.2) which
we previously just thought of as a relative class then can be thought of as an absolute
class as above. Note next that if an element sec ∈ M(c,A(Lρ(k−1), Lρ(k)), A) is
non-constant then the energy and hence
〈[σ],−Ω˜A(Lρ(k−1),Lρ(k))〉
is positive, which immediately implies that A 6= 0 (in the absolute sense as described
above). So M
ch
(c,A(Lρ(k−1), Lρ(k)), A = 0) coincides with the space of constant
sections, and
∂M
ch
(c,A(Lρ(k−1), Lρ(k)), A = 0) = ∂clc,
for ∂cl the classical boundary operator on chains.
The maps µd are then defined in terms of a certain moduli space
(5.4) M
MB
({γk}
k=d
k=1,F ,Σ
n, A),
where γk is the name for a morphism corresponding to a generator
cγk ∈ C(S(Lρ(k−1), Lρ(k))).
Notation 5.1. The possibly slightly awkward notation is meant to fix the usage of
letters γ for generators in hom complexes of our A∞ categories universally, while
the underlying geometric objects are either flat sections (which by abuse of notation
are also denoted by γ) or a singular simplex in the space of flat sections. When we
shall want to emphasize the underlying singular simplex we shall write cγ.
In the above notation F denotes a natural system of perturbations (i.e. connec-
tions), compatible with a natural system U of maps
ud(m1, . . . ,md, n) : Sd → ∆
n,
from the “universal curve” Sd over the moduli space Rd of complex structures on
a disk with d + 1 punctures on the boundary. Natural means that these satisfy
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certain axioms, see part I. One can readily extend the construction of such natural
systems to the present Morse-Bott setting. Suppose then that we have objects
Lρ(0), . . . , Lρ(d) ∈ F (Σ). Then a smooth element (σ, r) of (5.4) consists of:
• A class A F({Lρ(k)},Σ
n, r)-holomorphic section σ of
S˜r = (Σ ◦ u
d(m1, . . . ,md, d)|Sr )
∗P.
Where for each r, F({Lρ(k)},Σ
n, r) is a (part of a natural system F) Hamil-
tonian connection on
S˜r → Sr.
• The boundary of σ is in a certain sub-fibration Lr of S˜r over the boundary
of Sr, with fibers Lagrangian submanifolds of the respective fibers of S˜r.
Over connected components of the boundary of Sr by construction of the
maps ud S˜r is naturally trivialized, and Lr coincides with the constant
sub-fibration with fiber Lρ(k) over the boundary component between ends
ek−1, ek. This determines Lr uniquely.
• At the ek end σ is asymptotic to a flat section in the image of cγk .
We won’t describe the “stable map” compactification of this moduli space as it is
analogous to what is described in [1]. Regularity is obtained in [1] using Kuran-
ishi structures. Although in this paper we shall be exclusively within unobstructed
monotone setup, and so virtual techniques should not be strictly necessary, we
still have to construct explicit fundamental chains, and this seems conceptually
easier with Kuranishi structures approach as opposed to non abstract regulariza-
tion. However this is more or less a formal point, as we shall explicitly regularize
all relevant moduli spaces that we encounter in our specific example via certain
Hamiltonian perturbations.
We define µd(γ1, . . . , γd) by:
µd(γ1, . . . , γd) =
∑
A
evA∗,
where
evA :M
MB
({γi},F ,Σ
n, A)→ S(Lρ(0), Lρ(d)),
is the “evaluation map” taking a finite energy section to its asymptotic constraint at
the Lρ(0), Lρ(d) end, and evA∗ denotes the push-forward of the fundamental chain.
The proof of the A∞ associativity equations is analogous to what was done
previously in part I.
5.1. Exact Hamiltonian connections. It will be helpful for certain calculations
with the Atiyah-Singer index theorem, and necessary for certain invariance argu-
ments, to slightly restrict the class of Hamiltonian connections F({Lρ(k)},Σ
n, r)
on S˜r for each r. Specifically by their properties over any sufficiently “large” (for
example in the sense of a complete Riemmanian metric on Sr ) domain D ⊂ Sr
diffeomorphic to D2, the holonomy path of F({Lρ(k)},Σ
n, r) over ∂D stabilizes i.e.
is independent of such D. We require that for each such connection A this limiting
holonomy path pA is a loop and we shall call such an A exact. The reader may
note that this is basically just a trick to avoid introducing graded Lagrangian sub-
manifolds, and is possible to do in our context purely because all the Lagrangian
submanifolds underlying the objects of our Fukaya categories are Hamiltonian iso-
topic.
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6. Setup
A Hamiltonian S2 fibration over S4 is classified by an element [g] ∈ π3(Ham(S
2)).
Such an element determines a fibration Pg over S
4 via the clutching construction:
Pg = S
2 ×D4− ⊔ S
2 ×D4+/ ∼,
withD4−, D
4
+ being 2 different names for the standard 4-ballD
4, and the equivalence
relation ∼ is (x, d) ∼ g˜(x, d), g˜(x, d) = (g−1(x), d), for d ∈ ∂D4. From now on Pg
will denote such a fibration for a non-trival class [g].
A bit of possibly non-standard terminology: we say that A is a model for B if
there is a morphism mod : A → B which is a weak equivalence, in the context
of some model category. The map mod will be called a modelling map. Thus a
replacement (fibrant-cofibrant) is a very special kind of model. In our context the
modeling map mod always turns out to be a monomorphism, but this is not always
essential.
6.1. A model for the maximal Kan subcomplex of N(Fuk(S2)). Let us
first consider a simpler quasi-isomorphic model Fukeq(S2) for (our version of) the
Fukaya category of S2. The category Fukeq(S2) is constructed using the same
geometric setup from part I, but we restrict the objects to oriented great circles,
with a choice of a relative spin structure, and we use the Morse-Bott version of
the construction, as outlined in the previous section, using SO(3)-connections to
construct hom complexes. The associated Donaldson-Fukaya category is isomor-
phic as a linear category over Q to FH(L0, L0) (considered as a linear category
with one object) for L0 ∈ Fuk
eq(S2) A morphism (1-edge) f is an isomorphism
in NFukeq(S2) if and only if it is the nerve of a morphism in Fukeq(S2) which
projects to an isomorphism in the Donaldson-Fukaya category DFukeq(S2). Such
a morphism will be called a c-isomorphism.
Consequently the maximal Kan subcomplex of the A∞ nerve of Fuk
eq(S2), is
characterized as the maximal subcomplex of this nerve with 1-simplices correspond-
ing to c-isomorphisms in Fukeq(S2). Let us reduce notational complexity by de-
noting the maximal Kan sub-complex of N(Fukeq(S2)) by K(S2).
Remark 6.1. It would be most interesting to identify the geometric realization of
K(S2) as a space, up to homotopy.
6.2. A model for the maximal Kan-subcomplex of Fuk∞(Pg). The strategy
is then as follows. First we construct a similar maximal Kan subcomplex K(Pg)
for a quasi-category Fukeq∞(Pg), itself modeling the full (as in with all objects and
morphisms) quasi-categoryFuk∞(Pg), starting with very special perturbation data,
and show that the resulting Kan fibration
K(Pg)→ S
4
• ,
is non-trivial. To clarify, as we shall use this shorthand often, our categories arise
from some analytic data, and when we say perturbation data for an A∞ or by
extension quasi-category, in this context we mean the perturbation data necessary
for the analytic construction of the various structure maps. The process of taking
maximal Kan subcomplex is functorial and so it will follow that Fuk∞(Pg) is also
non-trivial as a (co)-Cartesian fibration. The construction of Fukeq∞(Pg) proceeds
exactly as before in Part I by starting with an analogous analytic pre-∞-functor
F eq : Simp(S4)→ A∞ − Cat,
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but taking fewer objects as we do for Fukeq(S2), (eq stands for equator). More
specifically the objects of F eq(Σ), for Σ : ∆n → S4 are great circles in the fibers
over the images of vertices of ∆n. What great circle means is unambiguous since the
structure group of Pg is SU(2). However we shall require rather special perturbation
data.
We shall take a certain model for the smooth singular set of S4, which recall is
a Kan complex with n-simplices smooth maps
Σ : ∆n → S4.
Restricting to a model for the singular set of S4 is justified by Proposition 4.5 of
Part I.
First we model D4• as follows. Take the standard representable 3-simplex ∆
3
•,
and the standard representable 0-simplex ∆0•. Then identify all faces of ∆
3
• (by
faces here we mean morphisms [n] → [3], which are not surjective: so n need not
be 2) with with the (degenerate) faces of ∆0•. After Kan completion this obviously
gives a Kan complex S3,mod• modelling the singular set of S3. Now take the cone on
S3,mod• , denoted by C(S
3,mod
• ), the resulting Kan complex D
4,mod
• is our model for
D4•. We then model S
4
• by taking a pair of copies D
4,mod
•,± of D
4,mod
• and identifying
them along S3,mod• . Note that the modelling map mod : S
4,mod
• → S
4
• in this case
can be given by an embedding. We shall then from now on identify simplicial sets
S4,mod• , D
4,mod
•,± as subsets of S
4
• without referring to the modeling map.
We have the natural projection
pr : (P+ = S
2 ×D4+)→ S
2.
Given Σ1 : ∆1 → D4+ in D
4,mod
•,+ , and L
0
0 ∈ P+,Σ(0), L
1
0 ∈ P+,Σ(1) identified via pr
as Lagrangian submanifolds of S2 with a particular great circle L0, we define
homF eq(Σ)(L
0
0, L
1
0)
using Morse-Bott complex for the trivial connection (with respect to the natu-
ral trivialization of P+ = S
2 × D4+). For future use fix a particular fundamen-
tal chain γ[L0] representing the fundamental class in homF eq(Σ)(L
0
0, L
1
0), for every
L00, L
1
0 as above. Let us denote by mL00,L10,+ the corresponding invertible 1-edge in
Fuk(P |D4,mod+
).
Fix a particular point x0 ∈ D
4
+ and choose perturbation data for the Morse-
Bott version of the construction of F eq(x0), as for Fuk
eq(S2). Then using the
trivial connection on S2 × D4+, we may identify great circle Lagrangians in other
fibers with those over x0, and consequently also get induced perturbation data for
the construction of F eq(Σ), for any Σ : ∆n → D4+. The global Fukaya category
restricted over D4,mod•,+ , with respect to this perturbation data can then be naturally
identified with the product D4,mod•,+ × N(F
eq(x0)), so that the 1-edges of the form
e× {L0}, e ∈ D
4,mod
+ correspond under the identification to the edges {mL00,L10,+}.
Let constL0 denote the constant section of this product, corresponding to some
object L0 ∈ Fuk
eq(S2). For Σ : ∆n → D4−, in ∂D
4,mod
•,− , we define the perturbation
data for F eq(Σ) by pulling it back by
g˜ : S2 × (∂D4− ≃ S
3)→ S2 × (∂D4+ ≃ S
3).
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For the moment extend this perturbation data overD4− in any way. This determines
a transition map
Fuk(Pg|∂D4,mod
−
)→ Fuk(Pg|∂D4,mod+
).
We shall denote this map by g˜ to avoid over complicating notation, but the reader
should be wary that it is now acting on simplicial sets.
Set
sec = g˜−1 ◦ constL0 |∂D4,mod
•,−
.
Theorem 6.2. Suppose that g : S3 → Ham(S2, ω) represents a non-trival class in
π3. Then the class [sec] = g˜
−1
∗ [constL0 |∂D4,mod
•,−
] is non-vanishing in
π3(K(Pg)|D4,mod
•,+
) ≃ π3(K(S
2)),
where K(Pg) denotes the maximal Kan sub-fibration of NFuk
eq(Pg) → S
4,mod
• .
In particular K(Pg) is a non-trivial Kan fibration over S
4
• and so Fuk
∞(Pg) is a
non-trivial (co)-Cartesian fibration over S4• .
For g the generator this class [sec] in π3(K(S
2)) can be thought of as a “quan-
tum” analogue of the class of the classical Hopf map.
Proof of Theorem 1.4. By the main theorem of Part I, we have the universal clas-
sifying map
fU : BHam(S
2, ω)→ S,
in the component of NFuk(S2). In particular there is an induced map on
π4(BHam(S
2, ω)) ≃ Z.
Let
clg : S
4 → BHam(S2)
denote the classifying map for Pg. By the theorem above if [g] is non-trivial
Fuk∞(Pg) is non-trivial as a (co)-Cartesian fibration, and so [fU ◦ clg] is non-
vanishing in π4(S).

7. Proof of Theorem 6.2 Part I
As indicated 2 sections will be dedicated to the argument, so that we may better
subdivide it.
7.1. Outline of the argument. In our simplical set D4,mod•,− we have a single
natural non-degenerate 4-simplex Σ4. It is the image of the natural non-degenerate
4-simplex of C(∆3•) ≃ ∆
4
• for the natural composition
C(∆3•)→ C(S
3,mod
• )→ D
4,mod
•,− .
From now on Σ4 always refers to this simplex. Likewise we have a pair of vertices
Σ4(0) = Σ00, Σ
4(i) = Σ01, i 6= 0
in D4,mod• with 0 ∈ ∆
4 corresponding to the cone vertex of C(∆3•). The induced 1-
edge between Σ0i will be denoted by Σ
1. When we write Σ00,• we mean the simplicial
subset of D4,mod•,− corresponding to Σ
0
0 and likewise elsewhere.
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If sec is null-homotopic in our Kan complex K(Pg|D4,mod
−
), then by definition of
homotopy groups of a Kan complex there would be a diagram:
∆3
i0

sec
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
∆3 × I
H // K(Pg|D4,mod
•,−
)
∆3.
i1
OO
null
88qqqqqqqqqq
Here ∂∆3 × I maps into L0,• ⊂ K(Pg|D4,mod
•,−
), with the latter being our name for
the lift of Σ01,• corresponding to the object L0. The map null is the constant map
to L0,•. It will be convenient to deform the maps, so that in the above diagram
∂∆3 × I maps into mL00,L10,• lying over Σ
1
•, with mL00,L10 defined as before, and so
that null is the constant map to Σ00,•. This can be done since we are dealing with
a Kan complex, (in particular the classical homotopy extension theorem has an
analogue.) Note that the base point is now varying. The deformed map will still
be denoted by H .
Assuming that this is done, it follows that H factors as
(7.1) ∆3• × I → C(∆
3
•) ≃ ∆
4
•
T
−→ K(Pg|D4,mod
•,−
),
for a certain induced T . We may suppose without loss of generality that T lies over
Σ4 in D4,mod•,− . This can be seen as follows. H lies over a null-homotopy of S
3,mod
• ,
in D4,mod•,− . Any pair of such null-homotopies are themselves homotopic, as we know
the corresponding relative homotopy groups:
π4(D
4,mod
•,− , ∂D
4,mod
•,− ) ≃ Z.
Using Kan lifting property of the fibration we may perturb H itself so that it
lies over the (un-pointed) null-homotopy of S3, inducing (likewise to (7.1)) the
4-simplex Σ4.
Clearly T also induces a natural 4-simplex in K(Pg|D4,mod
•,−
), which for simplicity
we also call T . One of the faces of T is sec and all the other faces are degenerate.
By discussion above, the simplex T is in the image of the universal map
K(F eq(Σ4))→ K(Pg|D4
•,−
),
where K(F eq(Σ4)) denotes the maximal Kan replacement of the A∞ nerve of
F eq(Σ4). For i 6= 0, the edges ei of T from T (i− 1) to T (i) are
g˜−1mLi−10 ,Li0,−
= mLi−10 ,Li0,+
for analogously defined Li−10 , L
i
0 and mLi−10 ,Li0,+
since g˜−1 is identity over Σ01,•.
The edge e0 from T (0) to T (4), is by construction mL00,L40, and similarly with other
edges, ei,i′ from T (i) to T (i
′). Let us call by {γi,i′} the associated morphisms in
F eq(Σ4), abbreviating γi−1,i by γi, and γ0,4 by γ0. We shall now setup up our
perturbation data and show that T cannot exist for this data.
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Lemma 7.1. There exists perturbation data so that the simplex T exists if and
only if
〈µ4Σ4 (γ1 ⊗ . . .⊗ γ4, γ0〉 = 0.
This is proved further below. We shall show that this correlator does not vanish,
this will be a contradiction and will finish the argument. However the calculation
of the correlator will require significant setup.
7.2. Preliminary perturbation data. Let A∂ be the connection on S
2 × S3
obtained by pull-back of the trivial connection on S2 × S3 by g˜. Let Ω˜∂ denote
the associated coupling form on S2 × S3. With rad ∈ [0, 1] denoting the radial
coordinate of D4, and {rad} × S3 the radius rad spheres in D4, we extend Ω˜∂ to a
coupling form Ω˜ on S2 ×D4− by
(7.2) Ω˜(v, w) = η(rad) · Ω˜∂(pr∗v, pr∗w),
for v, w ∈ Tz(S
2 ×D4), with z having radial coordinate rad, and where η : [0, 1]→
[0, 1] is a smooth function satisfying
0 ≤ η′(rad),
and
(7.3) η(rad) =
{
1 if 1− δ ≤ rad ≤ 1,
rad2 if rad ≤ 1− 2δ,
for a small δ > 0. At this point we fix our system of natural maps U , (this is
done for the sake of simplicity). We do this so that for d = 3, d = 4 the maps
ud(m1, . . . ,md,Σ
4) are the particular maps constructed as in the proof of Proposi-
tion 3.4 in Part I, i.e.
ud(m1, ...,md,Σ
4, r) = fr ◦ retr,
in the notation of the proof of that Proposition. We then set the connections in
the (preliminary) perturbation data to be simply the (pull-back) of the connection
A, by the maps
Sd
ud(m1,...,md,Σ
4)
−−−−−−−−−−−→ ∆d
Σ4
−−→ D4−.
The resulting system of connections F is automatically a natural system in the sense
of Part I. Moreover the family of connections {F(m1, . . . ,md,Σ
4, r)} for 2 ≤ d < 4
are the trivial connections on the trivial bundles
S2 →֒ S˜r → Sr.
And for the induced almost complex structures the moduli spaces
M
MB
({γi},Σ
4, {F(m1, . . . ,md,Σ
4, r)}, A), 2 ≤ d < 4
are regular after a suitable choice of the family {jx} of almost complex structures
on the fibers of S2 ×D4−, x ∈ D
4
−. To see this let us just take jx = jst for jst the
standard integrable almost complex structure on S2). Then we have:
Lemma 7.2. Whenever A is such that
M
MB
({γ′i},Σ
4, {F(m1, . . . ,md,Σ
4, r)}, A), 2 ≤ d < 4,
has virtual dimension ≤ 1, the moduli space is empty unless A is the class of
the constant section, d = 2 and in this case the moduli space consists purely of
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constant sections of S˜r = S
2 × Sr, where {γ
′
i} is any chain of morphisms, with
s(γ′i+1) = t(γ
′
i), (source/target).
Proof. The sub-bundle Lr of S˜r = S
2 × Sr over the boundary of Sr in this case is
just the constant sub-bundle with fiber L0. Let us denote by Ξr the sub-bundle
of the vertical tangent bundle of S˜r, corresponding to the vertical tangent bundle
of Lr. By Riemann-Roch (Appendix B) we get that the expected dimension of
the moduli space of A class holomorphic sections of S˜r, with boundary in Lr, and
constraints γ′1, . . . , γ
′
d is
1 +Maslovvert(A) + 1− deg γ′1 + . . .+ 1− deg γ
′
d
where Maslovvert(A) is the Maslov number of
(σ∗T vert(S˜r), σ
∗Ξr, {σ
∗Ξr,i}), σ a class A section,
for Ξr,i totally real subbundle of T
vertS˜r over the ei end of Sr, induced via paralel
transport for the connection F(m1, . . . ,md,Σ
4, r) over the arcs
[0, 1]× {τ} ⊂ [0, 1]× R≥0
in the strip coordinate charts at the ends, of the fibers of Lr. In other words in our
particular case Ξr,i is the constant subbundle of T
vertS˜r over the ei end with fiber
the tangent bundle of L0, (with respect to trivialization at the end).
Consequently the expected dimension of
M
MB
({γ′i},Σ
4, {F(m1, . . . ,md,Σ
4, r)}, A)
is:
≥ 1 +Maslovvert(A) + (dimRd = d− 2).
So either d = 3, and Maslovvert(A) ≤ −2. Or d = 2 and Maslovvert(A) ≤
0. However negative Maslov number sections are impossible since the projection
S˜r → S
2 is holomorphic, and L0 is monotone with positive monotonicity constant.
The leaves the Maslov number 0 case, and again since the projection to S2 is
holomorphic the projections of such sections are constant. 
Regularity of {F(m1, . . . ,md,Σ
4, r)}, A) (for 2 ≤ d < 4) is then immediate, and
moreover it immediately follows that
µ2Σ4(γi−1, γi) = γi−2,i 0 < i ≤ 4(7.4)
µ3Σ4(γ
′
1, γ
′
2, γ
′
3) = 0,(7.5)
for this perturbation data, where
{γ′k}
k=3
k=1 ⊂ {γi,i′ | i < i
′, 0 ≤ i ≤ 4, 0 < i′ ≤ 4}
is any possible triple of µ3-composable morphisms.
To keep notation a bit simpler let us abreviate F(m1, . . .m4,Σ
4, r) as Ar. We
now need to understand the moduli spaces
M
MB
(γ1, . . . γ4,Σ
4, {Ar}, A).
By the dimension formula above since we need the expected dimension of this
moduli space to be 1, the class A must have Maslov number −2, see Appendix B.
Notation 7.3. From now on A refers to this class.
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Unfortunately the above moduli space is not regular for such an A, in fact there
are nodal elements of the above moduli space with codimension 2 breaking, (that is
Fredholm index -2 nodal curves.) We want to find a regular family {Aregr }, which
restricts on the boundary of R4 to the old family determined by F . Let us call
such a family admissible. Now for any (not necessarily regular) admissible family
{A′r} class A curves must stay away from the boundary of R4. We could deduce
this from Lemma 7.2 and Gromov compactness, but it is much simpler to appeal
to the following lemma: (which we shall state in more generality later):
Lemma 7.4. A stable JA′r -holomorphic class A section σ of S
2×Sr, with boundary
in Lr, gives a lower bound
−〈[ω], A〉 = 1/2 · area(S2) = −
∫
Sr
σ∗Ω˜A′r ≤ area(A
′
r),
where
area(A′r) = inf
α
{
∫
Sr
α |Ω˜A′r + π
∗(α) is nearly symplectic},
where α is a 2-form on Sr, Ω˜A′r the coupling form and nearly symplectic means
that
(Ω˜A′r + π
∗(α))(v˜, j˜v) ≥ 0,
for v˜, j˜v horizontal lifts with respect to Ω˜A′r , of v, jv ∈ Tz(Sr), for all z ∈ Sr.
Proof. This follows by the classical energy identity for holomorphic curves, proof
is omitted. 
It follows that a given regularizing perturbation of {Ar} may be assumed to
vanish near the boundary R4. And so for the resulting system F
reg,
{Freg(m1, . . . ,m4,Σ
4, r)}
will be admissible.
Proof of Lemma 7.1. We use the system Freg. The following argument will be over
F2 as opposed to Q as the signs will not matter. Recall that all codimension faces
of T are determined. Let {fj}, j : [nj ] → [4], a monomorphism, (equivalently
cardinality nj+1 subset of [4] = {0, . . . , 4}) be as in the definition of the A∞ nerve
in Part I, corresponding to the various (arbitrary codimension) faces of T . If the
4-simplex T exists then there is an f[4] ∈ homF eq(Σ4)(L
0
0, L
4
0) so that
(7.6) µ1Σ4f[4] =
∑
1<i<4
f[4]−i +
∑
s
∑
(j1,...js)∈decomps
µsΣ4(fj1 , . . . , fjs).
By (7.4), (7.5) we must have fj′ = 0 whenever nj′ = 2, and f[4]−i = 0, 0 ≤ i ≤ 4.
(≤ is intended.) Given this (7.6) holds if and only if µ4Σ4(γ1, . . . , γ4) = 0. 
On the other hand because A class curves always stay away from boundary of R4
and because L0 is unobstructed, µ
4
Σ4,Freg(γ1, . . . , γ4) is well defined in homology
HF (L00, L
4
0) for any choice of system F
reg satisfying our admissibility condition
near boundary of R4. We shall compute this class by relating it to the higher
Seidel morphism.
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7.3. Connection between µ4Σ4,Freg(γ1, . . . , γ4) and the higher Seidel mor-
phism. For each r ∈ R4, we may close the open ends {ei}, i 6= 0 of Sr, first by
cutting of [0, 1] × R>0, in the strip coordinate charts at the ends {ei} and then
attaching half disks
HD2 = {z ∈ C| |z| ≤ 1, im z ≥ 0}.
Let us denote the closed off surface by S∗r ≃ D
2 − z0, where z0 ∈ ∂D
2 is a point
corresponding to the end e0. Since S˜r is naturally trivialized at the ends, we may
similarly close off S˜r by gluing bundles S
2 × HD2 at the ends obtaining an S2
bundle S˜∗r over S
∗
r . If we put a trivial Hamiltonian connection on the trivial bundle
S2 ×HD2 then for any admissible system F as above, F(m1, . . . ,m4,Σ
4, r) would
naturally induce a Hamiltonian connection A∗r on S˜
∗
r . Likewise the Lagrangian
subbundle Lr of S˜r over the boundary of Sr would be naturally closed off to a
subbundle L∗r over the boundary of S
∗
r , and A
∗
r preserves this subbundle. As
constructed {A∗r} is also small near boundary in the sense that
area(A∗r) < 1/2 · area(S
2)
for r near the boundary of R4, and consequently there are no elements (σ, r) of the
moduli space
(7.7) M({S˜∗r }, {L
∗
r}, A, {A
∗
r}),
for r near the boundary of R4, (by the discussion above). With the above moduli
space consisting of pairs (σ, r) with σ a J(A∗r)-holomorphic (stable) section of S˜
∗
r
with boundary on L∗r .
We have an “evaluation” map
ev :M({S˜∗r }, {L
∗
r}, A, {A
∗
r})→ S(L
0
0, L
4
0) ≃ S
2,
sending a (stable) section to its asymptotic constraint at the e0 end, i.e. (L
0
0, L
4
0)
end. We shall relate it to our correlator µ4, but before we do that let us formalize
conditions for invariance of the homology class of ev∗, which denotes the push
forward of the fundamental chain.
Definition 7.5. Let {S˜r,i,Sr,i,Lr,i,Ar,i}, i = 1, 2, r ∈ K for some parameter
manifold K, be a pair of 4-tuples where S˜r,i is a Hamiltonian S
2- fibration over a
Riemann surface with boundary and one end: Sr,i, and where Lr,i is a subbundle of
S˜r,i over the boundary, with fiber a Lagrangian submanifold of the respective fiber,
and Ar,i a Hamiltonian connection on Br,i preserving Lr,i, and exact as in Section
5.1. We say that such a pair are admissibly concordant if there is a 4-tuple
{T˜r, Tr,L
′
r,A
′
r},
with
• T˜r a Hamiltonian S
2-bundle over Tr, which is itself a fibration
fib : Tr → [0, 1]
with fiber a Riemann surface (i.e. with complex structure) with boundary.
• L′r as before is a Lagrangian subbundle over ∂Tr − fib
−1(0)− fib−1(1).
• Where A′r is a an exact Hamiltonian connection preserving L
′
r, small near
boundary of K.
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• There is a diffeomorphism (in the natural sense, preserving all structure)
⊔i{S˜r,i,Sr,i,Lr,i} → {T˜r|fib−1(∂[0,1]), f ib
−1(∂[0, 1]),L′r|fib−1(∂[0,1])},
which pulls back A′r to Ar,1,Ar,2 over the respective components.
Lemma 7.6. [ev∗] is a cycle, its homology class depends only on the admissible
concordance class of the family {S˜∗r ,S
∗
r ,L
∗
r ,A
∗
r}, and this homology class coincides
with the homology class of
µ4Σ4,Freg(γ1, . . . , γ4).
Proof. The fact that [ev∗] is a cycle follows by the fact that L0 is unobstructed
and monotone. The second point follows by the following. An admissible concor-
dance will induce a chain part of which boundary will be the pair of evaluation
cycles corresponding to the data of the boundary of the concordance. There is no
other boundary by L0 being unobstructed (so that contributions from disk bub-
bling cancel away), and by the fact that for an admissible {A∗r}, A class curves
stay away from boundary of R4, the last part is immediate from standard gluing
arguments. 
The map ev is closely related to a relative form of the higher Seidel morphism,
which in its most basic form is a group homomorphism:
Ψ : πk−1ΩL0Lag(M) ≃ πk(Lag(M,L0))→ FH(L0, L0) k > 1
with Lag(M) denoting the space whose components are Hamiltonian isotopic La-
grangian submanifolds of (M,ω). This generalizes the idea behind relative Seidel
morphism. We shall present this construction in the next section, (the reader may
also safely read that section first) and it will be immediate that:
(7.8) Ψ([lag]) = [ev∗],
for a certain map
lag : S2 → ΩL0Lag(S
2).
7.3.1. Constructing lag. Let domr be the maximal sub-domain of [0, 4] × [0, 1],
whose interior is mapped by g˜r into the complement of ∂D
4
−
⋃
Σ1, inside D4−. By
construction this domain is homeomorphic to a disk. A segment boundr of its
boundary is mapped by Σ4 to a loop in ∂D4− based at Σ
0
1 and that we call cr, and
the rest of the boundary boundrayr is mapped into Σ
1. Let
L′r →֒ g˜
∗
rPg|∂domr ,
be the sub-bundle determined by A and L0. The latter means that L
′
r is the A
invariant sub-bundle, which coincides with the constant sub-bundle L0 over the
boundary component boundrayr . After fixing a parametrization of the boundary of
domr, (which we can do in a continous in r way) L
′
r determines a loop γr in the
space Lageq(S2) ≃ S2 of great circles in S2. So we get a map
lag : R4 → ΩL0Lag
eq(S2).
The boundary of R4 ≃ D
2, (with ≃ denoting homeomorphism) is mapped by lag
to the point given by the constant loop at L0.
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Lemma 7.7. {S˜∗r ,S
∗
r ,L
∗
r ,A
∗
r} is admissibly concordant to {S
2 × D,D,Lγr ,Aγr},
where Lγr is the Lagrangian subbundle determined by the loop lag(r) over the bound-
ary of a Riemann surface D biholomorphic to D2 − z0, z0 ∈ ∂D
2 , and Aγr is any
exact Hamiltonian connection on M ×D small near boundary of R4 and preserving
Lγr .
Proof. By construction each tuple (S˜∗r ,S
∗
r ,L
∗
r ,A
∗
r) corresponds to the pullback of
the bundle P and the connection A by some map
S∗r → D
4
−,
taking the ends of the boundary ∂S∗r into ∂Σ
1
0 ⊂ ∂D
4
−. Also by construction there
is a deformation retraction
deform : S∗r × I → S
∗
r ,
relative to the end e0, onto a submanifold D
2
r diffeomorphic to D
2 − z0, z0 ∈ ∂D
2,
with z0 corresponding to e0 end, and is such that the holonomy path of A over ∂D
2
r
is γr (up to parametrization). The family of such retraction can be clearly made
smooth in r. Our admissible concordance is obtained by the pullback of P,A by this
family of retractions. We may then finally use smooth Riemann mapping theorem
to identify each (D2r , jr) with (D, jst), smoothly in r, where jr is the induced almost
complex structure. 
To conclude (7.8), we only need to note that for reasons of dimension A is the
only class that could contribute to Ψ([lag]). Aside from the connection A the map
lag also naturally depends on the choice of the modeling map D4,mod• → D4−,•,
(specifically we need to specify to which 4-simplex Σ4 : ∆4 → D4−, we identify the
non-degenerate 4-simplex of D4,mod• ).
Lemma 7.8. The class [lag] ∈ π2(ΩL0Lag
eq(S2), L0) ≃ Z is independent of all
choices, and coincides with [hopf∗(g)], for hopf : S
3 → S2 the Hopf map.
Proof. Independence of all choices is obvious. The second assertion is some simple
topology. For concreteness let us specify our Σ4 : ∆4 → D4−. We consider D
4 as the
standard 4-ball in R4, with r the radial coordinate, r ∈ [0, 1]. Let h : ∆4 → [0, 1]
be the re-normalized linear height function
h : ∆4 → [0, 1],
s.t. h(x0) = 0 and h(d0(∆
4)) = 1, where d0(∆
4) is the face not containing the
vertex x0. Then Σ
4 takes the r level sets for h to the r-spheres in D4 by the
map mapr. To define mapr first define compr by naturally identifying the r level
sets for h with polytope subspaces ξr of R
4, with center of mass at the origin and
following up with the inverse stereographic projection stereo−1 : ξr → S
4 ⊂ R5,
with S4 ⊂ R5 isometrically embedded so that it intersects the plane x5 = 0 only
at the origin, with 0 ∈ S4 going to the origin. There is a homotopy ∂Homot of
compr|∂ξr , defined by postcomposing with time t ∈ [0, ǫ] flow map, for the height
reparametrized gradient flow on S4 for the standard height function, induced by
the above embedding S4 ⊂ R5 (so that the maximizer corresponds to infinity under
stereographic projection), and with ǫ large enough that the image of compr|∂ξr is
taken by the flow map to the maximum. Take a neighborhood Nτ0 of ∂ξr consisting
of points τ ·x, τ ∈ [0, τ0], x ∈ ∂ξr. (With · the canonical action of R on R
4). There
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is then a canonical deformation retraction of Nτ0 to ∂ξr use this to extend ∂Homot
to a map
Homot : ξr × [0, ǫ]→ S
4,
then Homot|ξr×{ǫ} is our map mapr. Given this explicit data it is not too difficult
to verify that if g was the generator then the family of loops r 7→ cr ∈ Ω∞S
3 for
r ∈ R4 ≃ D
2 represents the generator gen of π2(ΩΣ01S
3) ≃ π3(S
3). To do this
it may help to first consider a simpler manifistation of this with D3 playing the
role of D4. To briefly sketch this, by naturality axioms in part I, for ∆3 the map
u3(m1, . . . ,m3, r) : Sr → ∆
3, r ∈ R3 ≃ [0, 1], for r = 1 will be surjective onto
the 1, 2, 3 face (face containing vertices 1, 2, 3), and for r = 0 it will only hit the
1, 2, 3 face in the 1, 2 edge. For our particularly constructed maps u3(m1, . . . ,m3)
we see that from r = 0 to r = 1 we sweep out the 1, 2, 3 face, by curves cr, with
end points on the vertices 1, 3, with cr a boundary of the intersection of the image
of u3(m1, . . . ,m3, r) with the 1, 2, 3 face.
On the other hand our class [lag] is the image of the generator of π2(ΩΣ01S
2) by
the map induced by the Hopf map
hopf : S3 → Lageq(S2) ≃ S2
s 7→ g(s)·L0,
with · denoting the natural action. So the assertion follows. 
8. Higher relative Seidel morphism
The relative Seidel morphism appears in Seidel’s [12] in the exact case and fur-
ther developed in [3] in the monotone case. Let Lag(M) denote the space whose
components are Hamiltonian isotopic Lagrangian submanifolds of M , we may also
denote the component of L by Lag(M,L). Then the ungraded relative Seidel mor-
phism, is a homomorphism
S : π1(Lag(M,L0), L0))→ FH(L0, L0),
defined for L0 monotone and unobstructed. Here FH(L0, L0) denotes the un-
graded Morse-Bott Floer homology of L0 over F2, generated by smooth singular
chains on L0. The notation is the one used by Fukaya-Oh-Ono-Ohta who we are
following throughout this paper, the group FH(L0, L0) is canonically isomorphic
to FH(L0, L0,A
tr(L0, L0)) with our previous notation, for A
tr(L0, L0) the trivial
connection.
To a loop γ in Lag(M) based at L0 we may associate in the obvious way a
smooth Lagrangian sub-bundle Lγ ofM×D
2 over the boundary ∂D2, which means
as before that the fibers of Lγ are Lagrangian submanifolds of the respective fibers
of M × D2. The fiber over z0 ∈ ∂D
2 of Lγ is L0 while the fiber over zθ is γ(θ).
Pick a Hamiltonian connection on
M ×D2 → ∂D2,
whose holonomy over the boundary ∂D2 preserves L. We shall call such an A Lγ
-admissible. We have the moduli space M(A, A) whose smooth elements are class
A, JA-holomorphic sections of M × D
2 with boundary on L. Here JA is induced
as previously by A after fixing a choice of an almost complex structure on M . We
shall assume that A is suitably regular. We have an evaluation map
evA :M(A, A)→ L0,
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taking a section to its value at z0. Then
S([γ]) =
∑
A
[evA∗],
where evA∗ is push forward map for the fundamental chain, the sum is over all
section classes, and is finite by monotonicity.
There is a natural extension of S to a (with an S1 equivariant extension to the
free loop space if one wishes) ring homomorphism
Ψ : H∗(ΩL0Lag(M,L0),Q)→ FH(L0, L0),
much like the author’s extension [8] of the Seidel homomorphism, the algebra struc-
ture on the left is the Pontryagin ring structure and the ring structure on the right
is with respect to quantum multiplication. If we also want Ψ to be graded, then
L0 should be endowed with a relative spin structure, and in order to grade Ψ, we
should restrict to the subspace ΩspinL0 Lag(M,L0), of the based loop space, whose
elements are identified with Lagrangian sub-bundles L of M ×D2 over ∂D2, with
fiber over z0 ∈ ∂D
2, L0, s.t. L is endowed with a relative spin structure, restricting
to the relative spin structure of L0, over z0. In our case L0 ≃ S
1,L ≃ S1 × S1
which are both spin, so that we may work with relative spin structures induced
by the spin structures, which makes things much simpler. The notions of relative
spin structure, and the discussion of how it relates to the classical spin structure,
is contained in [1, 8.1]. For simplicity we restrict in what follows to the ungraded
case, but the graded cases is rather analogous.
The map Ψ is defined as follows. To a smooth cycle
f : B → ΩL0Lag(M),
for B a smooth closed oriented manifold, we have an associated family
{M ×D2,Lb},
b ∈ B, Lb a Lagrangian subbundle of M × D
2 over ∂D2 associated as before to
the loop f(b). Given a suitably regular family {Ab} of Hamiltonian connections on
M ×D2 with Ab fb-admissible. Define:
M({Ab}, B),
to be the space whose smooth elements are pairs: (σ, b) for σ a J(Ab)-holomorphic
class B section of M ×D2 with boundary on Lb. We have a map:
evB :M({Ab}, B)→ L0,
given by evaluation of a section at z0 ∈ ∂D
2. We may then define as previously:
Ψ([f ]) =
∑
B
[evB∗].
9. Proof of Theorem 6.2 Part II (computation of the higher Seidel
element)
9.1. Computation of [ev∗] via Morse theory for the Hofer length func-
tional. We shall now compute Ψ([lag]) and so [ev∗] by constructing a very large
but geometrically special perturbation of {Aγ(r)}. Since Ψ is a group homomor-
phism we may restrict for simplicity to the case where g : S3 → S3 and so lag
represent generators of the respective fundamental groups.
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Under certain conditions the spaces of perturbation data for certain problems in
Gromov-Witten theory admit a Hofer like functional. Although these spaces of per-
turbations are usually contractible, there maybe a gauge group in the background
that we have to respect, the reader may think of the situation in classical Yang-
Mills theory. The basic idea of regularization that we now do consists of pushing
the perturbation data as far down as possible (in the sense of the functional) to
obtain a mini-max (for the functional) data, which turns out to be especially nice
and amenable to calculation. This idea first appeared in the author’s [9]. We define
the (restricted) positive Hofer length functional
L+ : PLageq(S2)→ R,
L+(γ) = inf
Hγ
∫ 1
0
maxHγt dt,
where Hγ : S2 × [0, 1] → R is the function normalized to have zero mean at each
moment, generating a lift of γ to SO(3) starting at id. (That is Hγ generates a
path in SO(3), which moves L0 along γ.) And where PLag
eq(S2) denotes the path
space with some fixed end points. (Which we may later prescribe.) It is elementary
to verify that the infimum over such Hγ is uniquely attained, and we denote the
corresponding function by
(9.1) Hγ0 .
Note that Lageq(S2) is naturally diffeomorphic to S2 and moreover it is easy to
check that the functional L+ is proportional to the Riemannian length functional
Lmet on the path space of S
2, with its standard round metric met. The idea of the
computation is then this: perturb lag to be transverse to the (infinite dimensional)
stable manifolds for the energy functional ΩL0Lag
eq(S2), push it down by the
“infinite time” negative gradient flow for the energy functional on ΩL0Lag
eq(S2),
and use the resulting representative to compute [ev∗]. Unfortunately the energy
functional is degenerate on the based path space giving rise to an unnecessarily
complicated picture for the limiting representative. Also we shall arrange details
so as to (mostly) avoid dealing with infinite dimensional differential topology.
9.1.1. The “energy” minimizing perturbation data. Let us fix a pair of non conju-
gate points L0, L
′
0 ∈ S
2. The class [lag] induces a class
[lag] ∈ π2(PL0,L′0(S
2), geod),
where geod is the minimizing geodesic from L0 to L
′
0, (which is unique by the non-
conjugacy assumption). Then classical Morse theory [7] tells us that the functional
Lg on PL0,L′0(S
2) is Morse non-degenerate with a single critical point in each de-
gree. Consequently [lag] has a representative in the 2-skeleton of PL0,L′0(S
2), for
the Morse cell decomposition induced by Lg. Furthermore since π2(S
1) = 0 such a
representative cannot entirely lie in the 1-skeleton. It follows by elementary Morse
theory that there is a representative lag′ : S2 → PL0,L′0(S
2), for [lag] s.t. the
function lag′
∗
Lg is Morse with a unique maximizer max, (necessarily of index 2),
and s.t. γ0 = lag
′(max) is the index 2 geodesic. (In principle there maybe more
than one such maximizer, but recall that we assumed that lag represents the gen-
erator, in which case by further deformation we may insure that there is only one
maximizer as the degree of lag′ is the intersection number of lag′ with the stable
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manifold of the geodesic γ0). Such a representative can easily be constructed by
hand. We shall also suppose that each path lag′(r) is constant for time near 0, 1.
We shall now use this to compute Ψ([lag]) via a neck-stretching argument. Let
{A−r }, r ∈ R4 be a family of connections on
S2 ×D,
s.t. A−r is trivial and preserves Llag′(r), over the end [0, 1]×R≥0, (under identifica-
tion with the strip coordinate chart at the end). Where Llag′(r) is the Lagrangian
sub-bundle over the boundary of D, which over the end
[0, 1]× R≥0 ⊂ D
is the constant subbundle with fiber L0 over
0× R≥0 ⊂ ∂[0, 1]× R≥0
and fiber L′0 over
1× R≥0 ⊂ ∂[0, 1]× R≥0.
And A−r is such that that the (counter-clockwise) holonomy path of A
−
r over the
path in the boundary of D2r from z0 ∈ {0} × R≥0 to z1 ∈ {1} × R≥0 (under
identification) is the path lag′(r) up to parametrization. We shall call such an A:
lag′(r) compatible.
Let A+ be the Hamiltonian connection on
S2 × [0, 1]× R,
with the following coupling form:
Ω˜+ = ω − d(η(τ) ·Hgeod0 dθ),
for η : R→ [0, 1] the canonical smooth extension of the function η as in (7.3), θ the
coordinate on [0, 1], and Hgeod0 as in (9.1). We suppose that {A
−
r } is such that the
natural glued family {A−r #A
+} is small for r near the boundary of R4. We shall
call such a pair (A−r ,A
+) compatible with lag′(r), geod. Given a pair {A−r ,A
+} we
then have an evaluation map
ev± :M({A−r ,A
+}, A)→ S(L0, L
′
0,A
geod(L0, L
′
0)),
where
M({A−r ,A
+}, A)
is the moduli space whose smooth elements are triples (σ−, σ+, r) for σ− a finite
energy J(A−r )-holomorphic section of S
2×D with Llag′(r) boundary condition, σ
+
a finite energy J(A+r )-holomorphic section of S
2 × [0, 1]× R, with Lgeod boundary
condition, s.t. the asymptotic constraint of σ+ at the −∞ end coincides with the
asymptotic constraint of σ−, and such that the glued section has Maslov number
−2 i.e. is in class A. While Ageod(L0, L
′
0) denotes the Hamiltonian connection on
S2 × [0, 1] → [0, 1], whose holonomy path is generated by Hgeod0 . We denote the
push-forward of the (virtual) fundamental chain by ev±∗ . By gluing the homology
class of ev±∗ coincides with Ψ([lag]).
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9.1.2. Construction of a particularly suitable {A−r }. Set
Hr : S2 × [0, 1]→ R
to be
H
lag′(r)
0 ,
where · denotes concatenation (see (9.1)). For each r ∈ R4 we define the coupling
form Ω˜−r on S
2 ×D−:
Ω˜−r = ω − d(η(rad) ·H
rdθ),
for (rad, θ) the modified angular coordinates on D, θ ∈ [0, 1] and η as in (7.2). The
induced connection is our A−r .
9.1.3. The properties of {A−r }. Let C(L0, L
′
0) be the space of coupling forms Ω˜ on
M × D s.t. for each such Ω˜ the associated connection is compatible with pΩ˜, for
some
pΩ˜ ∈ PL0,L′0Lag(S
2),
with the latter denoting path space as usual. Define
area : C(L0, L
′
0)→ R
area(Ω˜) = inf
α
∫
D
α |Ω˜ + π∗(α) is nearly symplectic},
where α is a 2-form on D2, and nearly symplectic means that
(9.2) (Ω˜ + π∗(α))(v˜, j˜v) ≥ 0,
for v˜, j˜v horizontal lifts with respect to Ω˜, of v, jv ∈ Tz([0, 4] × [0, 1]), for all
z ∈ [0, 4]× [0, 1]. Then by elementary calculation we have:
(9.3) area(Ω˜−r ) = L
+(lag′(r)).
To verify (9.3) first show that the infinum is attained on a uniquely defined
2-form αΩ˜:
(9.4) αΩ˜(v, w) = maxD
RΩ˜(v, w),
where RΩ˜ is the Lie algebra valued curvature 2-form of (the connection induced by)
Ω˜, and we are using the isomorphism lieHam(S2, ω) ≃ C∞norm(S
2). The following
then readily follows.
Lemma 9.1. The function r 7→ area(Ω˜−r ) has a unique maximizer, coinciding with
the maximizer max of lag′∗Lg and area is Morse at max with index 2.
The previous discussion will allow us to show that the moduli space
M({A−r ,A
+}, A)
will localize over max ∈ R4. Let us now find specific holomorphic sections for the
data.
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9.1.4. Finding class A elements for the data. Define
σ−max : D → S
2 ×D,
to be the constant section
z 7→ xmax
for xmax, the maximizer of H
max. Then σ−max is a flat section for A
−
max, with
boundary on Llag′(max), and consequently holomorphic. Likewise define
σ+max : [0, 1]× R→ S
2 × [0, 1]× R,
to be the constant section
z 7→ x+max
for x+max, the maximizer of H
geod
0 .
Lemma 9.2.
xmax = x
+
max
Proof. This follows by the fact that L0, L
′
0 are non conjugate in Lag
eq(S2) ≃ S2 and
so lag′(max) and geod are both arcs of the same great geodesic. In particular the
generating function Hgeod0 of geod is a positive multiple of −H
max, which is a height
function on S2 and in particular these functions have the same maximizer. 
In particular (σ−max, σ
+
max,max) is an actual element of
M({A−r ,A
+}, A),
if it is indeed in class A. However this latter fact is an elementary calculation
by the fact that lag′(max) is an index 2 geodesic. Specifically after gluing and
compactifying the end as in Appendix B, we get the induced loop l in
Lag(TxmaxS
2) ≃ Lag(R2),
corresponding to the pull-back by the glued section of the boundary Lagrangian
subbundle. By our conventions for the Hamiltonian vector field:
ω(XH , ·) = −dH(·)
and since lag′(max) is index 2, l is homotopic to a degree 1 loop in Lag(R2) going
counter-clockwise, so by homotopy invariance and normalization the Maslov number
of l is −2.
Let us denote by
M(S2 × [0, 1]× R,Lgeod,A
+, γ[L0])),
the space whose smooth elements are J(A+)-holomorphic sections of S2 × [0, 1]×
R → [0, 1] × R, with boundary on Lgeod, asymptotic to γ[L0] at the −∞ end, and
are in the class of σ+max. We have an evaluation map:
ev+ :M
eq
(S2 × [0, 1]× R,Lgeod,A
+, γ[L0])→ S(L0, L
′
0,A
geod(L0, L
′
0)) ≃ S
2.
Lemma 9.3. For a generic A+, ev+ represents the fundamental class of S2.
Proof. Note first that [ev+] is the contribution to
PSS(γ[L]) ∈ FH(L0, L
′
0,A
geod(L0, L
′
0))
in a particular class: ~, which satisfies:
〈[Ω˜+], ~〉 = −L+(geod)
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Where
PSS : FH(L0, L
′
0,A
tr(L0, L
′
0))→ FH(L0, L
′
0,A
geod(L0, L
′
0)),
is the continuation map in Floer homology, for Atr(L0, L
′
0) the trivial connection.
Any other class that could contribute is of the form
~+A,
for A 6= 0 a class in H2(S
2, L0). By dimension formula A must have negative
Maslov number (otherwise dimension would be too high), and so by monotonicity
−〈[ω], A〉 ≥ 1/2 · area(S2).
so
−〈[Ω˜+], ~+A〉 ≥ L+(geod) + 1/2 · area(S2).
But by (analogue of) Lemma 9.5, this is impossible. Since PSS is an isomorphism
the conclusion follows. 
Lemma 9.4. The only elements of the moduli space
M(S2 ×D,D, {A−r ,A
+}, A)
are of the form (σ−max, σ
+,′ ,max) for
σ+,
′
∈ M(S2 × [0, 1]× R,Lgeod,A
+, γ[L0]))
Proof. We need the following lemma:
Lemma 9.5. A stable, finite energy, (meaning suitable L2 energy as usual) JA-
holomorphic section σ of M ×D, with boundary in a A-invariant Lagrangian sub-
bundle L over ∂D, gives a lower bound
−
∫
D
σ∗Ω˜A ≤ area(Ω˜A),
where Ω˜A is the coupling form of A. Here A is assumed to be translation invariant
and hence flat in some chosen strip coordinate system M × [0, 1]× R≥0 at the end
of D. This insures that a finite energy holomorphic section is asymptotic to a flat
section at the end, and both sides will be obviously finite.
Proof. As L is A invariant by an elementary calculation Ω˜A vanishes on L. In other
words for any symplectic form on M ×D of the kind:
Ω˜A + π
∗α,
for α a 2-form on D L is a Lagrangian submanifold of M ×D. The lemma is then
essentially immediate by energy positivity for J-holomorphic curves and further
details are omitted. 
Let’s call an A preserving L: L-admissible. The pairing
−
∫
D
σ∗Ω˜A,
is invariant with respect to isotopy of the pair (L,A), for L-admissible A fixing the
pair at the end, and under variation of σ in its relative homology class, (relative to
L and relative to asymptotic boundary constraint at the end, which exists by finite
energy assumption). The assumption on fixing the pair at the end is necessary
to make sense of the relative class of σ. We can prove invariance of the pairing
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directly. Let {(Lt,At)}, t ∈ [0, 1] be a smooth variation. Then we get an L˜
admissible Hamiltonian connection A˜ on(
M˜ =M ×D × [0, 1]
)
→ D × [0, 1],
where L˜ is the natural Lagrangian sub-bundle of M˜ , over ∂D × [0, 1] induced by
{Lt}. There is then an induced closed coupling form Ω˜A˜ on M˜ extending Ω˜Ai over
M ×D × {i}, for i = 0 or i = 1. Invariance then readily follows by a relative form
of Stokes theorem. We may denote the above pairing by integration by:
〈[Ω˜A], [σ]〉.
Let us go back to our argument. By direct calculation:
〈[Ω˜−max, [σ
−
max]〉 = −
∫
D
(σ−max)
∗Ω˜−max = L
+(lag′(max)).
So by previous pair of points we have:
L+(lag′(max)) ≤ area(Ω˜−r ) = L
+(lag′(r)),
whenever there is an element
(σ, r) ∈M({S2 ×D,D,Llag′(r),A
−
r }, γ[L0])),
where γ[L] denotes the assymptotic constraint of (i.e. flat section in S(L0, L
′
0)) of
σ−max, and the sections σ are required to have the same constraint and be in the
class of σ−max.
But clearly this is impossible unless r = max, as
area(Ω˜−max) = L
+(lag′(max)),
by direct calculation, and L+(lag′(r)) < L+(lag′(max)) for r 6= max.
We now show that there are no elements (σ−, r) other than (σ−max,max) of the
moduli space
M(S2 ×D,D,A−max, γ[L]).
We have by (9.4)
0 = 〈[Ω˜−max + αΩ˜−max ], [σ
−
max]〉,
and so given another element (σ−,max) by invariance we have:
0 = 〈[Ω˜−max + αΩ˜−max ], [σ
−]〉.
It follows that σ− is necessarily Ω˜−max-horizontal, since
(Ω˜−max + αΩ˜−max)(v, JΩ˜−maxw) ≥ 0,
and is strictly positive for v in the vertical tangent bundle of
S2 →֒ S2 ×D → D
and so otherwise right hand side would be positive. The claim then follows, if every
element (σ−, σ+, r) in M(S2 × D,D, {A−r ,A
+}, A), was breaking along γ[L0], i.e.
if σ− has γ[L0] as an assymptote at the end. However this is the only possibility.
This readily follows by the following observation: since ev+ is part of the PSS
isomorphism, the only classes A+ for which the homology classes of (ev+A)∗:
ev+ :M(S2 × [0, 1]× R,Lgeod,A
+, γ[pt], A
+))→ S(L0, L
′
0,A
geod(L0, L
′
0))
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are non trivial, are such that (ev+A+)∗ is degree 0. Which implies that ev
±
∗ on the
components of the moduli space with elements (σ−, σ+, r) for which [σ+] = A+,
for A+ as above must be homologically trivial. 
9.1.5. Regularity. Assembling everything together it will follow that
Ψ([lag]) = [ev±∗ ] = [L0],
if we knew that (σ−max,max) was a regular element of
M(S2 ×D,D, {A−r }, γL0),
where the latter denotes the moduli space whose smooth elements are pairs (σ−, r)
for σ− a J(A−r )-holomorphic section with asymptotic constraint γL0 , in the relative
class of σ−max, with boundary on Llag′(r). How did we get a positive sign for [L0]?
The sign of [L0] depends on the choice of the relative spin structure on L0, we
simply assume for convinience that it was chosen so that this sign is positive. We
won’t answer directly if (σ−max,max) is regular, it likely is, although the argument
(which I imagine) involves some algebraic geometry. But it is regular after a suitably
small Hamiltonian perturbation of the family {A−r } vanishing at A
−
max. This is the
essential regularity mentioned earlier.
Lemma 9.6. For any family {A
′
r} sufficiently C
∞ close to {A−r } and s.t.
A
′
max = A
−
max,
(σmax,max) is the only element of the corresponding moduli space
M(S2 ×D,D, {A
′
r}, γL0),
Moreover there is such a family {Aregr } such that
M(S2 ×D,D, {Aregr }, γL0),
is regular.
Proof. Given Lemma 9.1 the proof of this is completely analogous to the proof [11,
Theorem 1.20], itself elaborating on the argument in [9]. 
This finishes the section and the proof of the theorem.
10. Application to Hofer geometry
We give here a proof of Theorem 1.5. This theorem is a relative analogue of the
theorem given in the author’s thesis [10]. First we have:
Theorem 10.1. Let (M,ω) = (S2, ω) and L0 ⊂ S
2 the equator. And let f : S2 →
ΩL0Lag(S
2) represent the generator of π2. Then
Ψ([f ]) = [L0].
Proof. This follows immediately from our calculation [ev±] = [L0], from the previ-
ous section, upon noting that only the class B with Maslov number −2, (i.e. A in
the previous notation) can contribute to the invariant by dimension count. 
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Proof of Theorem 1.5. Note that by 9.5, and by invariance of the associated pairing
(see discussion following that lemma) we get that any element (σ, s) ∈M({As}, A),
s ∈ S2 gives a lower bound:
1/2 area(S2, ω) ≤ L+(f(s)),
and since M({As}, A) is not empty we get:
min
f ′∈[f ]
max
s∈S2
L+(f ′(s)) ≥ 1/2 · area(S2, ω).
On the other hand the lower bound is sharp by the explicit construction in Section
9.1.1. 

Appendix A. Homotopy groups of Kan complexes
Given a pointed Kan complex (X•, x) and n ≥ 1 the n’th simplicial homotopy
group of (X•, x): πn(X•, x) is defined to be the set of equivalence classes of mor-
phisms
Σ : ∆n• → X•,
for ∆n• (k) = hom∆([k], [n]), for ∆ the simplicial category, such that Σ takes ∂∆
n
•
to x. Since for us X• is often the singular set associated to a topological space X ,
we note that such morphisms are in complete correspondence with maps:
Σ : ∆n → X,
taking the topological boundary of ∆n to x.
Two such maps are equivalent if there is a diagram (simplicial homotopy):
∆n•
i0

Σ1
##❍
❍❍
❍❍
❍❍
❍❍
∆n• × I•
H // X•
∆n• .
i1
OO
Σ2
;;✈✈✈✈✈✈✈✈✈
such that ∂∆n• × I• is taken by H to x. The simplicial homotopy groups of a
Kan complex (X•, x) coincide with the classical homotopy groups of the geometric
realization (|X•, x|). But the power of the above definition is that if we know
our Kan complex well, (like in the example of the present paper) the simplicial
homotopy groups are very computable since they are completely combinatorial in
nature.
Appendix B. On the Maslov number
Let S be obtained from a compact Riemann surface with boundary, by removing
a finite number of points from the boundary. Let V → S be a rank r complex vector
bundle, trivialized at the open ends {ei}, with respect to fixed strip coordinate
charts. We denote by
bi−1,i : R→ ∂S
the component of the boundary going from ei−1 end to the ei end. Let
Ξ→ ∂S ⊂ S
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be a totally real rank r subbundle of V , which is constant in the coordinates
Cr × [0, 1]× R≥0,
at the ends. And let Ξi be likewise totally real rank r subbundles of V|ei , s.t. in the
coordinates Cr × [0, 1]× R≥0 the restrictions Ξi|[0,1]×{τ}, have a smooth limit Ξ
∞
i
as τ 7→ ∞. Finally we shall require that the real vector space Ξ∞i |0∈[0,1] coincides
with
lim
τ 7→∞
Ξ|bi−1,i(τ),
and the real vector space Ξ∞i |1∈[0,1] coincides with
lim
τ 7→−∞
Ξ|bi,i+1(τ),
again with respect to the trivialization of V at that end.
Then there is a Maslov number Maslov(V ,Ξ, {Ξi}) associated to this data co-
inciding with the boundary Maslov index in the sense of [6, Appendix C3], for the
modified pair (V/,Ξ/) obtained from (V ,Ξ, {Ξi}) by closing each ei′ end of V → S
via gluing with
(Cr × (D2 − z0), Ξ˜
∞
i′ , Ξ˜
∞
i′,0).
Where Ξ˜∞i′ is a totally real rank r subbundle of C
r × (D2 − z0), z0 ∈ ∂D
2 over the
boundary arc, which is constant in the coordinates Cr × [0, 1] × R≥0 at end, and
such that identifying the arc of the boundary in the compliment of the chart, with
with [0, 1] we have
Ξ˜∞i′ |ρ = Ξ
∞
i′ |ρ,
for ρ ∈ [0, 1]. And where likewise Ξ˜∞i′,0 is a totally real rank r subbundle of
Cr × (D2 − z0),
over the open end s.t. in the coordinates Cn × [0, 1]× R≥0 we likewise have
Ξ˜∞i′,0|[0,1]×τ = Ξ
∞
i .
For a real linear Cauchy-Riemann operator on V , the Fredholm index is given by:
r · χ(V ,Ξ, {Ξi}) +Maslov(V ,Ξ, {Ξi}).
The proof of this is analogous to [6, Appendix C], we can also reduce it the statement
in [6, Appendix C] via a gluing argument, together with computation of the Fred-
holm index of a real linear Cauchy-Riemann operator on (Cr×(D2−z0), Ξ˜
∞
i′ , Ξ˜
∞
i′,0).
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